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THE APPLICATION OF THE MOVING FRAME 
METHOD TO INTEGRAL GEOMETRY IN THE 
HEISENBERG GROUP 

HUNG-LIN CHIU, YEN-CHANG HUANG, SIN-HUA LAI 


Abstract. We show the fundamental theorems of curves and sur¬ 
faces in the 3-dimensional Heisenberg group and find a complete 
set of invariants for curves and surfaces respectively. The proof 
is based on the Cartan’s method of moving frames and Lie group 
theory. As an application of the main theorem, a Croton-type for¬ 
mula is proved in terms of p-area which naturally arises from the 
variation of volume. The application makes a connection between 
CR Geometry and Integral Geometry. 
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1. Introduction 


In Euclidean spaces, the fundamental theorem of curves states that 
any unit-speed curve is completely determined by its curvature and tor¬ 
sion. More precisely, given two functions k{s) and r(s) with k{s) > 0, 
there exists a unit-speed curve whose curvature and torsion are the 
functions k and r, respectively, uniquely up to a Euclidean rigid mo¬ 
tion. We present the analogous theorems of curves and surfaces in the 
3-diniensional Heisenberg group Hi. The main task in the paper also 
includes the understanding to the structure of the group of transforma¬ 
tions in Hi, which is similar to the group of rigid motions in Euclidean 
spaces. Moreover, we also develop the concept of the invariants for 
curves and surfaces in above sense. It should be emphasised that own¬ 
ing such invariants helps us understand the geometric structure in CR 
manifolds and develop the application to the held of Integral Geometry. 

We give a brief review of the Heisenberg group. All the details can 
be found in [T]. The Heisenberg group Hi is the space associated 
with the group multiplication 

( 1 . 1 ) {xi,yi,zi)o{x2,y2,Z2) = {xi+X2,yi+y2,zi +Z2+yiX2-xiy2), 


which is also a 3-dimensional Lie group. The standard left-invariant 
vector helds in Hi 


( 1 . 2 ) 


ei = 


d d 

dx dz' 


62 = 


A 

dy 


— X 


A 


and T = 


A 

dz 


form a basis of the vector space of left-invariant vector helds, where 
(^, ^, ^) denotes the standard basis in The standard contact 
bundle ^ := span{ei,e 2 } in Hi is a subbundle of the tangent bundle 
THi. Equivalently, the contact bundle can be dehned as 


^ = ker0. 


where 


(1.3) Q = dz + xdy — ydx 

is the standard contact form. The CR structure on Hi is the endomor¬ 
phism J : ^ ^ dehned by 

(1.4) J(ei) = 62 and J(e 2 ) = -ei. 

The Heisenberg group Hi can be regarded as a pseudo-hermitian 
manifold by considering Hi associated with the standard pseudo-hermitian 
structure (J, 0). Recall that a pseudo-hermitian transformation on 
Hi is a diheomorphism on Hi preserving the pseudo-hermitian struc¬ 
ture (J, 0). For more information about pseudo-hermitian structure, 
we refer the readers to [3] [12] [13] [18] . Denote PSH{1) be the group 
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of pseudo-hermitian transformations on Hi, and call the element in 
PSH{1) a symmetry. A symmetry in Hi plays the same role as the 
rigid motion in M” and will be characterized in Subsection 13.11 

Let 7 : / —?■ iLi be a parametrized curve. For each t G /, the velocity 
7 (t) has the natural decomposition 

(1.5) ^'(t) 

where 7 ^(t) and 7 r(t) are, respectively, the orthogonal projection of 
'y' (t) on ^ along T and the orthogonal projection of 'y' (t) on T along 


Definition 1.1. A horizontally regular curve is a parametrized 
curve 7 (t) such that 7 g(t) ^ 0 for all t E I. We say 7 (f) is a horizontal 
curve if "f' (t) = 7 ^(t) for all t E I. 


From the approach of Contact Geometry, some authors call the 
horizontally regular cuvers the Legendrian curves, for examples, in 
proi [la i- Proposition 14.11 shows that a horizontally regular curve 
can always be reparametrized by the parameter s satisfying | 7 ^(s)| = 1 
for all s. Such a curve is called with horizontal unit-speed and the 
parameter s is called the horizontal arc-length for 7 ( 5 ), which is 
unique up to a constant. Through the article the length of the vectors 
I ■ I and the inner product {■,■) are dehned with respect to the Levi- 
metric, and the orthonormality of the vectors Si and 62 on the contact 
plane ^ is always in the sense of the Levi-metric. 

For a horizontally regular curve 7 ( 3 ) parameterized by the horizontal 
arc-length s, we dehne the p-curvature k(s) and the contact nor¬ 
mality r(s) by 


( 1 . 6 ) 


t(s) := ( 7 '(s),T), 


where W(s) = 7 ^(s) and D(s) = JX(s). Notice that k(s) is analogous 
to the curvature of the curve in M", while r(s) measures how far the 
curve is from being horizontal. We also point out that k(s) and r(s) 
are invariant under pseudo-hermitian transformations of horizontally 
regular curves. 

The hrst theorem of the paper says that horizontally regular curves 
are completely prescribed by the functions k(s) and r(s). 


Theorem 1.2 (The fundamental theorem for curves in Hi). Given 
-functions fc(s),r(s), there exists a horizontally regular curve 7 ( 5 ) 
with horizontal unit-speed having k{s) and r(s) as its p-curvature and 
contact normality, respectively. In addition, any regular curved{s) with 
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horizontal unit-speed satisfying the same p-curvature k{s) and contact 
normality t{s) differs from 7 ( 5 ) by a pseudo-hermitian transformation 
g G PSHfl), namely, 

(1.7) 7(s)=^o7(s) 

for all s. 


Since a curve 7 ( 5 ) is horizontal if and only if the contact normality 
r(s) = 0 , we immediately have the following corollary. 

Corollary 1.3. Given a C^-function k{s), there exists a horizontal 
curve 7 ( 5 ) with horizontal unit-speed having k{s) as its p-curvature. 
In addition, any horizontal curve 7 ( 5 ) with horizontal unit-speed sat¬ 
isfying the same p-curvature differs from 7 ( 5 ) by a pseudo-hermitian 
transformation g G PSH{1), namely, 

7(s) = 9°'y{s) 


for all s. 


If the horizontally regular curve 7 is not parameterized by horizontal 
arc-length, we show, in Subsection 14.21 the explicit formulae for the p- 
curvature and the contact normality. 

Theorem 1.4. Let'^if) = {x{f),y{t), z{tf) & Hi be a horizontally reg¬ 
ular curve, not necessarily with horizontal unit-speed. The p-curvature 
k{f) and the contact normality rit) of are 

III III 

, , , X y — X y 

m = —^—^(t), 

{{x'Y + iy'fY 

( 1 . 8 ) 

, , xy — X y -\- z , , 

r{t) = — -r(*)- 

Notice that in fll.Sp the p-curvature k(t) depends only on x(t), y{t). 
We observe that k{f) is the signed curvature of the plane curve a{f) : = 
Tio'yif) = {x{t),y{f)), where tt is the projection onto the xy-pAaxie along 
the z-axis. It is the fact that the signed curvature of a given plane curve 
completely describes the curve’s behavior, we have the corollary: 


Corollary 1.5. Suppose two horizontally regular curves in Hi differ 
by a Heisenberg rigid motion, then their projections onto the xy-plane 
along the z-axis differ by a Euclidean rigid motion. In particular, two 
horizontal curves in Hi differ by a Heisenberg rigid motion if and only 
if they are congruent in the Euclidean plane. 
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As an example, we calculate the p-curvature and contact normal¬ 
ity for the geodesics, and obtain the characteristic description of the 
geodesics. 

Theorem 1.6. In Hi, the geodesics are the horizontally regular curves 
with constant p-curvature and zero contact normality. 

In the second part of the paper, the fundamental theorem of surfaces 
in Hi will be established. For an embedded regular surface H G Hi, 
recall that a singular point p G S is a point such that the tangent 
plane TpS coincides with the contact plane at p. Therefore outside 
the singular set (the non-singular part of S), the line bundle TS fl ^ 
forms a one-dimensional foliation, which is called the characteristic 
foliation. 


U ^ Hi he a. parameterized surface with 

We say T is a normal parametrization 


Definition 1.7. Let F 
coordinates {u,v) on U C 

if 

(1) F([/) is a surface without singular points, 

(2) Fu := ^ dehnes the characteristic foliation on F{U), 

(3) \Fu\ = 1 for each point {u,v) G U, where the norm is with 
respect to the Levi-metric. 

We call {u,v) normal coordinates of the surface F{U). 

It is easy to see that normal coordinates always exist locally near 
a non-singular point p G S. In addition, for a normal parameterized 
surface F, denote X = Fu, Y = JX and T = ^. We dehne smooth 
functions a, b, c, I and m on t/ by 

a-.= {Fu,X), b-.= {Fu,Y), c=-.{Fu,T), 

I ■= {Fuu,Y), m := {Fuv,Y), 

and call a, b and c the coefficients of the first kind of F, and I, m the 
coefficients of the second kind. All coefficients satisfy the integrability 
conditions 

Ou = bl, bu = —al + m, Cu = 2b, 

lv-mu = 0, 

where the subscripts denote the partial derivatives. 

The following theorem states that these coefficients are the complete 
differential invariants for the map F. 


(1.9) 


Theorem 1.8. Let U c 


be a simply connected open set. Sup¬ 


pose that a, b, c, I and m are functions on U satisfying the integrability 
condition M.lCh) . Then there exists a normal parameterized surface 
F : U ^ Hi having a, b, c and I, m as the coefficients of first kind 
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and second kind of F, respectively. In addition, any F : U ^ Hi 
normal parameterized surface with the same coefficients of first kind 
and second kind differ from F by a Heisenberg rigid motion, namely, 
F{u, v) = g o F{u, v) for all {u, v) E U for some g G PSH{1). 

In fl5.24p . we will show that the function /, up to a sign, is inde¬ 
pendent of the choice of normal coordinates, and hence it is a differ¬ 
ential invariant of the surface F{U). Actually I is the p-mean curva¬ 
ture^. In particular, F{U) is a p-minimal surface when I = 0. Such a 
parametrization F : U ^ Hi is called a normal p-minimal parameter¬ 
ized surface. In this case, the integrability condition fll.lUp becomes 

(1.11) Ou 0, 0, Cy 26, 

(1.12) m = bu, 

and the coefficients of hrst kind completely dominate those of second 
kind. We conclude all above as the following result. 

Theorem 1.9. Let U C 'Mf be a simply connected open set. Suppose 
that a, b and c are smooth functions on U satisfying the integrability 
condition M.ll\) . Then there exists a normal p-minimal parameterized 
surface F : U ^ Hi having a, b and c as the coefficients of first kind 
of F, which also determines the coefficient b of the second kind as 
in In addition, any normal p-minimal parameterized surface 

F : U -E- Hi with the same conditions differs from F by a Heisenberg 
rigid motion, namely, F{u, v) = goF{u, v) in U for some g G PSH{1). 

In Sectional we will obtain the other invariants on F{U)\ a := ^ 
(up to a sign, called the p-variation), and the restricted adapted metric 
fi'els oll the surface S. Actually a is the function such that the vector 
held ae 2 -|- T is tangent to the surface, where 62 = Jci and Ci is a unit 
vector held tangent to the characteristic foliation. Let be the unit 
vector held tangent to the surface 

062 -h T 

then we observe that these invariants a,l,e^ satisfy the integrability 
condition: 

(1.13) 

(1 -|- a^)2(es/) = (1 -|- a^)(eieia) — a{eiafi + 4q;( 1 -|- Q;^)(eia) 

-|- 0(1 -|- Q; ) K -1-q:/(1-1-o: (csct) Tq;(1-|-q; )/ , 
where K is the Gaussian curvature with respect to ( 70 |s- 
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After studying the invariants in ifi, we show the second main the¬ 
orem which says that the three invariants: the Riemannian metric 
(induced by the adapted metric), the p-mean curvature, and the p- 
variation comprise a complete set of invariants for a surface without 
singular points. 

Theorem 1.10 (The fundamental theorem for surfaces in Hi). Let 
(S,p) he a 2-dimensional Riemannian manifold with Guassian curva¬ 
ture K, and let a', I' he two real-valued functions on S. Assume that K, 
a and I satisfy the integrahility condition M.IA) . Then for every non¬ 
singular point p G S, there exists an open neighborhood U containing 
p and an embedding f : U ^ Hi such that 

9 = rigs), 

a = f*a, 

V = f% 

where a, I are the induced p-variation and p-mean curvature on f{U). 
Moreover, f is unigue up to a Heisenberg rigid motion. 

The third part of the paper is an application of the motion equations 
and the structure equations we obtain for the proof of fundamental 
theorems. We will derive the Crofton formmula in Hi which is a classic 
result of Integral Geometry [15] [16] , relating the length of a hxed curve 
and the number of intersections for the curve and randomly oriented 
lines passing through it. In given a hxed piecewise regular curve 7 , 
the Crofton formula states that 

/ n(l n ^)dL = 4 • lengthily), 

J /n77^0 

where dL is the kinematic density dehned on the set of oriented lines 
in and n{l fl 7) is the number of intersections of the line I with 7. 
We have the analogues formula in Hi. Of particular interest is that 
the geometric quantity on one side is the p-area which naturally arises 
from the variation of the volume for domains in CR manifolds [1]. 

Theorem 1.11 (Croton formula in Hi). Suppose X : (u,v) GCe-)- 
X G Hi is a regular surface for some domain C C M^. Let C he the 
set of oriented horizontal lines in Hi and n{l O S) he the number of 
intersections of the horizontal line I G C with the surface S. Then we 
have the Crofton formula in Hi 

/ n(/n = 4 ■ p-area(S), 

JiGC, «ns^0 

where dL := dp A d9 A dt is the kinematic density on C. 
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We give the outline of the paper. In section 2, we state two proposi¬ 
tions about the existence and uniqueness of mappings from a smooth 
manifold into a Lie group G, which underlies our main theorems. In 
section 3, we not only express the representation of PSH{1) but dis¬ 
cuss how the matrix Lie group PSH{1) can be interpreted as the set 
of moving frames on the homogeneous space Hi = PSH{1)/SO{2)] 
the moving frame formula in Hi via the (left-invariant) Maurer-Cartan 
form will also be derived. In section 4, we compute the Darboux de¬ 
rivative of the lift of a horizontally regular curve and give the proof 
of the hrst main theorem; moreover, we calculate the p-curvature and 
the contact normality of horizontally regular curves and geodesics. In 
section 5, we compute the Darboux derivative of the lift of normal 
parameterized surfaces. By deriving the formula of change of coordi¬ 
nates, we achieve the complete set of differential invariants for a normal 
parameterized surface. In section 6, by calculating the Darboux deriv¬ 
ative of the lift of / : S —)■ ifi, we show the fundamental theorem for 
surfaces S in iLi. In section 7, one of the applications for the funda¬ 
mental theorem of curves, the Crofton formula, will be shown, which 
connects CR geometry and Integral Geometry. 

Acknowledgment. The hrst and second authors’ research was sup¬ 
ported in part by NCTS and in part by NSC 100-2628-M-008-001-MY4. 
He would like to thank Prof. Jih-Hsin Cheng for his teaching and talk¬ 
ing with the author on this topic. Prof. Paul Yang for his encourage¬ 
ment and advising in the research for the last few years. The third 
author would like to express her thanks to Prof. Shu-Cheng Chang for 
his teaching, constant encouragement and supports. 

2. Calculus on Lie groups 

We recall two basic theorems from Lie groups, which play the essen¬ 
tial roles in the proof of the main theorems. For the details we refer 
the readers to 00 mini HI. 

Given a connected smooth manifold M. Let G C GL{n, R) be the 
matrix Lie group with Lie algebra g and the (left-invariant) Maurer- 
Cartan form u. We hrst introduce the theorem of uniqueness. 

Theorem 2.1. Given two maps f,f:M^G, then f*u; = f*uj if and 
only if f = g ■ f for some g ^ G. 

We call the Lie algebra-valued 1-form f*u the Darboux derivative of 
the map f : M ^ G. 

The second result is the theorem of existence. 
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Theorem 2.2. Suppose that cf) is a g-valued 1-form on a simply con¬ 
nected manifold M. Then there exists a map f : M ^ G satisfying 
f*oj = (f if and only if d ( f ) = — cj ) A 0. Moreover, the resulting map f is 
unigue up to a group action. 

We mention that the proof of Theorem 12.21 relies on the Frobenius 
theorem. 

3. The group of pseudo-hermitian transformations on Hi 

3.1. The pseudo-hermitian transformations on Hi. A pseudo- 
hermitian transformation on Hi is a diffeomorphism <F on Hi preserving 
the CR structure J and the contact form 0; it satishes 

(3.1) J = J<F* on f and <h*0 = 0 in Hi. 

The trivial example of the pseudo-hermitian transformation is the left 
translation Lp in Hp, the other example is dehned by : Hi ^ Hi 



where R G SO{2) is a 2x2 special orthogonal matrix. 

Let PSH{1) be the group of pseudo-hermitian transformations on 
Hi. We shall show that the group PSH{1) exactly consists of all the 
transformations of the forms := Lp o a transformation 
followed by a left translation Lp. More precisely, we have 

( X \ / ax -\- by -\- Pi 

1/ = cx + dy + p 2 

z ) \ iap 2 - cpi)x -b {bp 2 - dpi)y + z + p3 

c d ) ^ SO(2). 

Theorem 3.1. Let $ : ifi —)■ ifi be a pseudo-hermitian transforma¬ 
tion. Then <F = Lp o for some R G SO{2) and p & Hi. 

Proof. It suffices to consider the pseudo-hermitian transformation <F : 
Hi —)■ Hi such that <h(0) = 0. Indeed, if <F(0) = p for somep G Hi\{0}, 
then the composition Lp-i o <|> is a transformation hxing the origion. 
Therefore, we reduce the proof of Theorem 13. II to the following Lemma: 

Lemma 3.2. Let ^ be a pseudo-hermitian transformation on Hi such 
that <h(0) = 0. Then, for any p E Hi, the matrix representation of 


where p = (pi,p 2 ,P 3 )* G Hi and R = 
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with respect to the standard basis (^, o/M^ is 


(3.4) 




( cos do 
sin do 
0 


— sin do 
cos do 
0 



(A. A A\ 

\ dx ^ dy ^ dz ) 


1 


for some real constant uq which is independent of p. Thus is a 
constant matrix. 


To prove Lemmawe calculate the matrix representation of 
with respect to the basis (ei, 62 , T). For i = 1, 2, 

0 = ($*0) (e,) = 0 {h) = 0, 

we see that the contact bundle ^ is invariant under <h*. In addition, let 
h be the Levi metric on ^ defined by h{X, Y) = dQ{X, JY), then 

<!>*h{X, Y) = = d0(<F*X, J<F*F) 

= d0(<F*X, JF) = <h*(d0)(X, JY) 

= d(<F*0)(X, JY) = d0(X, JY) = h{X, Y). 

Hence h (<F*X, <h*F) = h (X, Y) for every X, F G Thus is orthog¬ 
onal on On the other hand, 

e(t.r) = e(«.4)=(4-e)(|)=e(|)=i. 

and, for all X G 

d0(X, $,T) = d0(<F*$;^X, <F*T) = (<F*d0)(<h;^X,T) 

= (dr0)(<h;'x,T) = d0($;'x,T) = 0. 

By the uniqueness of the characteristic vector fields, we have <F*T = T. 
From the above argument, we conclude that 

( cos a (p) — sin a (p) 0\ 
sin a (p) cos a (p) 0 , 

0 0 ll , „ 

/ (ei,e2,ajj 

for some real-valued function a on iLi. 

Next, we rewrite the matrix representation of ^^(p) from the ba¬ 
sis (ei,e 2 , £) to the basis Let $ = (<F\ $ 2 , $3), p = 

(Pi,P 2 ,P 3 ), ei (p) = ^ +P 2 ^ and 62 (p) = ^ -Pi^, then 
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and 





Thus, 

(3.5) 


= <h*(p) 


ei (p) - P2 


A 

dz 


= ^*{p) [ei (p)] -P2 


= cos a (p) ei [<h(p)] + sin a (p) 62 [*h(p)] - p 2 

, . d . / X 5 

= cos a (p) — + sin a (p) — 
ox oy 

+ [cos a (p) (p) — sin a (p) (p) — P 2 ] 


92 ; 




= $*(p) 


62 (P) + Pi 


A 

c?2: 


= ®*(P) [62 (P)] +Pl 


dz 


d 

■ - sin a (p) Cl [$(p)] + cos a (p) 62 [*h(p)] + Pi^ 

■■ - sin a [p) — + cos a ip) — 
dx dy 

d 

+ [— sin a (p) (p) — cos a (p) (p) + pi] 

iy Z 


$*(p) 


where 


(3.6) 


( COS a (p) 

sin a (p) 

<h3(p) 


^x(p) 

^^(P) 


dx 

d^l 

dy 


- sin a (p) 
cos a (p) 
<h^(p) 



(A. A. A-\ 

\dx'‘ dy'' dz }'' 





= cos a (p) (p) — sin a (p) (p) — p 2 , 

= — sin a (p) (p) — cos a (p) (p) + pi, 


5 


and denote the subscripts as the partial derivatives for all <h*’s. By 
fl3.5l) that = 0, it follows that the functions and both 

depend only on x and y, and so is a. Moreover, use fl3.5p again and 
the facts and $ 2 ^ = we have 


/cos a 
ysin a 


— sin a 
cos a 




1 
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which implies that ax = ay = 0. Thus a is a constant on Hi, say 
a = ao- From fl3.5p and notice that <F(0) = 0, we finally get 

= a: cos ao — y sin ao, 

= a: sin ao + y cos ao, 


<*5 = 0, 

Therefore 

cos ao 

— sin ao 

0 

sinao 

cos ao 

0 

0 

0 

1 


'A. A. 

^ dx dy dz j 


and the result follows. 


□ 


3.2. Representation of PS'if(l). The pseudo-hermitian transforma¬ 
tion and the points (x, y, zY in Hi can be respectively represented 
as 


( 1 


0 


(3.7) fA M = 

and 

(3.8) 

satisfying 

(3.9) MX = 


0 0 \ 

Pi a 6 0 

P 2 c do 

\ P3 ap2 - cpi bp2 -dpi 1 J 


X 

y \ ^X = 
z 


(1 \ 

X 

y 

J 


( 1 \ 

X 

I y 


V 


/ 


Therefore, PSH{1) can be represented as a matrix group 
(3.10) 

/ 1 0 0 0 \ 

b 0 


PSH{1) = {M e GL{A,R) 


M = 


Pi a 

P 2 c do 

\ P3 ap2 - cpi bp2 - dpi 1 J 
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Let psh{l) be the Lie algebra of PSH{1). It is easy to see that the 
element of psh{l) is of the form 


(3.11) 


/ 0 

Xi 

X 2 

\ X'i 


0 

0 

Xi^ 

X 2 


0 

—Xi^ 

0 

-xi 


0 \ 
0 
0 
0 / 


and the corresponding Maurer-Cartan form of PSH{1) is of the form 


(3.12) 


ca = 


( 

0 

0 

0 

0 \ 


a;i 

0 

-u^ 

0 


a;2 

Ui 

0 

0 

V 



-a;' 

0/ 


where ul and uj\j = 1, 2, 3 are 1-forms on PSH{1). 

3.3. The oriented frames on Hi. The oriented frame [p] X,Y,T) 
on Hi consists of the point p ^ Hi and the orthonormal vector helds 
X E ^p, Y = JX with respect to the Levi metric. We can identify 
PSH{1) with the space of all oriented frames on Hi as follows: 

(3.13) 

0 

a 
c 

ap 2 - cpi 


PSH{1) 3 M = 


( 1 

V\ 
P2 
\ P3 


0 

b 

d 

bp2 - dpi 


0 \ 
0 
0 
1 / 


E3{p-X,Y,T), 


where 


P = (Pl,P2,P3)^ 


d 


(3.14) 


Actually, we have that X = aei{p) + ce 2 {p) and Y = bei{p) + de 2 {p), 
hence M is the unique 4x4 matrix such that 

(3.15) (p; X, F, T) = (0; Ci, Ca, T)M. 


3.4. Moving frame formula. Since PSH{1) is a matrix Lie group, 
the Maurer-Cartan form has to be a; = M~^dM or dM = Mu (see 
0). Immediately one has that 


/ 

0 

0 

0 

0 \ 



0 

-Ui^ 

0 



Ui 

0 

0 

V 

a;3 

a;2 


0/ 


(3.16) {dp-, dX, dY, dT) = (p; X, Y, T) 
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Thus, we have reached the moving frame formula: 


dp = oj^X + cuV + cu^T, 
dX= ui^Y + uj^T, 
dY = -ui^X - cu^T, 
dT = 0. 


4. Differential invariants of horizontally regular 

CURVES IN Hi 

Proposition 4.1. Any horizontally regular curve ■yit) can be reparametrized 
by its horizontal arc-length s such that | 7 ^(<s)| = 1. 

Proof. Dehne s{t) = f* \y'^{u)\du. Then any horizontal arc-length dif¬ 
fers s up to a constant. By the fundamental theorem of calculus, we 
have ^ = | 7 ^(t)|. Since 


dy dy dt y (t) 
ds dt ds |7^(t)|’ 


we have 7 ^(s) = that is | 7 j(s)| = 1. 


□ 


Definition 4.2. A lift of a mapping / : M —)■ G/TT is defined to be a 
map F : M —)■ G such that the following diagram commutes: 


G 


M 



G/H 


where G is a Lie group, iL is a closed Lie subgroup and G/H is a 
homogeneous space. In additional, the other lift F of f has to satisfy 

F{x) = F{x)g{x) 

for some map g ■. M ^ H. 

Remark 4.3. In the next section, we shall set G = PSH{1), M = 
{a,b) C R, f = y, F = y, G/H = PS'Lr(l)/S'0(2), and identify 
PSH{l)/SO{2) with Hi. 
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4.1. The Proof of Theorem II.2L By Proposition 14.11 we may as¬ 
sume that the horizontally regular curve 7 ( 5 ) is parametrized by the 
horizontal arc-length s. Each point on 7 uniquely defines the oriented 
frame 


(4.2) {',(sy,X(s),Y{s),T), 

where X(s) = 7^(s) is the horizontally tangent vector of 7(5) and 
F(s) = JX{s). By Remark 1 ^^ there exists the lift 7 G PSH{1) of 7, 
which is unique up to a SO{2) group action, and is still denoted by the 
same notation 

7(s) = (7 (s);X(s),T(s),T). 

Let u be the Maurer-Cartan form of PSH{1). We shall derive the 
Darboux derivative j*uj of the lift 7(5): 

By the moving frame formula 03.171) . 

(Pj{s) = ^*dp 

^ ^ = X{s)Yoj^ + y(s)7V + T7V. 


We also observe that all pull-back 1-forms by 7 are the multiples of ds, 


(4.4) 


drf{s) = 7 ^(s)(is -|- 7 ^(s)(is 
= X{s)ds + 'yj,[s)ds. 


Comparing 04.3j) and 04.4p . we have 
7 * 0 ;^ = ds, 

(4.5) 7*uj^ = 0, 

7 * 0 ;^ = (7 {s),T)ds = T{s)ds. 


Insert 7 * 0 ;^ into 03.171) . 

(4.6) dX{s) = Y{s)Yu}i^ + = T(s) 7 *a;i 2 , 

we get 

(4.7) = { — ■j^,Y{s))ds = k{s)ds. 

ds 

As a consequence we obtain the Darboux derivative of 7 


/ 

0 

0 

0 

0 \ 



1 

0 

-k{s) 

0 

ds 


0 

k{s) 

0 

0 

V 

r(s) 

0 

-1 




For any functions k{s) and r(s) defined on an open interval /. Sup¬ 
pose (f is the ps/i(l)-valued 1-form defined by 04.Sp . It is easy to check 
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that 99 satisfies d^p + ipf\^p = 0. Therefore, by Theorem I2.2[ there exists 
a curve 

7 (s) = (7(s);X(s),F(s),T)eP^i7(l) 
such that 7 * 0 ; = 99 . By the moving frame formula fl3.17p . we have 
dl{s) = X{s)ds + T{s)Tds, 

(4.9) dX{s) = k{s)Y{s)ds, 

dY (s) = —k{s)X{s)ds — Tds, 


which means 


(4.10) 


X(s) =7<;(s), 

k(s) = 

r(s) = ( 


ds 

d^js) 

ds 


,T). 


This completes the proof of the existence. 

To prove the uniqueness, suppose that two horizontally regular curves 
7 ;^ and 73 have the same p-curvature k{s) and contact normality t(s). 
The identity fld.Sp shows that they must have the same Darboux deriva¬ 
tives 

7iW = 72^- 


Therefore, by Theorem 12.11 there exists g G PSH{1) such that 72 ( 5 ) = 
g o 7 i(s), hence 72 ( 5 ) = g o 7 i(s) for all s. This completes the proof of 
the uniqueness up to a group action. 


4.2. The derivation of the p-curvature and the contact nor¬ 
mality. In the subsection, we will compute the p-curvature and the 
contact normality for horizontally regular curves (Theorem II. 4p and 
for the geodesics in Hi fTheorem II. 6 p . 


Proof of Theorem \1.4\ Let 7 (f) = {x{t),y{t), z{t)) be a horizontally 
regular curve. The horizontal arc-length s is defined by 

(4.11) s{t) = [ \'y'^{u)\du. 


We first observe that there is the natural decomposition 

' / \ / ' / \ ' / \ '/\\ ' / \ d f. . d /. . d 

7 (t) = {x {t),y {t),z (t)) = X + 2 / + ^ 

, II d 

= x{t)ei -F y{t)e2 + {z if) + xy {t) - yx'if)) — , 

" -.-^ oz. 


7^(t) 




(4.12) 















THE APPLICATION OF THE MOVING FRAME METHOD 


17 


where we abuse the notations by ^ = T. Let 7 ( 5 ) be the reparametriza- 
tion of 7(t) by the horizontal arc-length s. Since 'y'(t) = 7 '(s)^, by 
comparing with the decomposition (I4.12p . one has 

7(s) = ^(x(f}et+y'{e2)), 

7 r(s) = ^ ((^ it) + xy it) - yx {t))Tj . 

For the p-curvature, by fl4.13p . note that X(s) = ^{x {t)ei + y'{t)e2), 
and b^(s) = JX{s) = ^{x {t)e2 — y'{t)ei). A straight-forward compu¬ 
tation shows 
(4.14) 


ds 


= {x"{t),y''{t),x''y{t) - xy''{t)^ + ^ (^x {t),y {t),xy{t) - xy'{t)^ 

dH 


= X (f) 


dt 

ds 


+ X (t) 


ds"^ 


h + \y (t) 


dt\ / dj^t 


62 , 


SO 

(4.15) 


n, . f dt\ /, , dH \ ,, .dt I n, . f dt\ /, , d'^t \ ,, .dt 

= - (x'{t)y{t) -x{t)y"{t)^ 


dt 

ds 


in H ! 

X y — X y 


(i)- 


{[xf + wry 

Again by (I4.13p . the contact normality has to be 
r(s) = (7 (s),T) = (7r(s),^) 


(4.16) 


= ^ ~ yx it)) 


xy — X y + z 

{(xf + ivT)' 


r(«). 


and the result follows. 


□ 
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Next we use (I4.15p and (14.161) to compute the p-curvature and the 
contact normality for the geodesics in Hi. 

Proof of Theorem \1.6\ . Recall [1] that the Hamiltonian system on Hi 
for the geodesics is 


(4.17) 

where 


(t) = {x (t)) (t) 

1 (x) 


e.W = -I E fc = l,2,3, 

*J=i 


1 0 
((r\ E, x^) = I ^ ^ 


X 

—x^ 


.X 


x^ ix^)^ + 


(4.18) 


So the Hamiltonian system (I4.17p can be expressed by 

(t) = 

(^) = ^2 - 

+ ^3 {x^f +{x^f , 

■Cl (^) = ^ 2^3 ~ 

E (^) = ~^1^3 ~ ^^^3i 
^3 {t) = 0- 

Since .^3 {t) = 0, we have .^3 {t) = C 3 for some constant C 3 . When C 3 = 0, 
one has x (t) = {cit + di, C2t + d2, {cid2 — C2di) t + d^), and this implies 
k (f) = 0 and r (f) = 0; when C 3 > 0, one has 


(4.19) 

where 


x{t) = (E (f) {t),x^ (t)) , 


x^ (t) = ai sin ( 2 c 3 f) + 02 cos ( 2 c 3 f) + di, 

(f) = —02 sin ( 2 c 3 f) + oi cos ( 2 c 3 t) + d 2 , 
x^ (t) = (02^1 + 01^2) sin ( 2 c 3 f) + (02^2 — oidi) cos ( 2 c 3 f) 

+ 2 c 3 ( o ^ + 02) ^ + ^3. 

Hence k (f) = —— — 77 ^ < 0 and r (t) = 0; hnally, when C 3 < 0, one 
has 
(4.20) 


[{<4+<4)]' 

x{t) = [x^ {t),x^ {t),x^{t )), 
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where 

(t) = ai sin (—2c3t) + 02 cos {— 2 c^t) + di 
(t) = 02 sin (—2c3t) — oi cos (—2c3t) + d2 
x^ (t) = {aidi + 02^2) sin (—2c3t) — (02*^1 — 01^2) cos (—2c3t) 

+ 2c3 + CI 2 ) t “1“ *^3- 

Hence k it) =--r > 0 and r it) = 0. 

[(a?+ai)]- 

The calculations above show that a horizontal curve is congruent to 
a geodesic if it has positive constant p-curvature. Conversely, it is easy 
to prove that any geodesic acted by a symmetry is still a geodesic. 
Therefore we complete the proof of Theorem 11.61 □ 


Remark 4.4. Actually, the geodesics fl4.19p for C 3 > 0 and fl4.20|) for 
C 3 < 0 travel along the same path with reverse direction. 


5. Differential invariants of parametrized surfaces in Hi 


5.1. The proof of Theorem 11.81 Let F : f/ —)■ TTi be a normal 
parametrized surface with a,b,c,l and m as the coefficients in fll.Op . 
Denote the unique lift F of F to PSH{1) as 

F={F{u,vy,X{u,v),Y{u,v),T), 

X{u,v) = Fu{u,v), JX{u,v) = Y{u,v). 

For the convenience, henceforward we simplify F{u, v) by F, and X{u, v) 
by X and so on. We hrst derive the Darboux derivative F*u of F: 

By the moving frame formula 03.171) . 


(5.1) 


dF = X{F*uj^) + T(FV) + T{F*u:^) 
= Fudu + F^dn, 


and apply on ^ to get 

(5.2) F„ = dF{^) = X(FV)(|-) + y(FV)(|-) + T(FV)(|-. 

ou ou ou ou 

Compare the coefficients in 05.ip05.2p and note that F^ = X, we have 

(6.3) = 1. 
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Next we insert ^ into fl5.ll) and compare the coefficients, one has 


(5.4) 


(FV)(h) = (F„,.Y) = a, 
= {F„,Y) ^ b, 


'dv 

d 


(FV)(^) = (F„,T>=c. 


Combine fl5.3p and fl5.4p to get 

F*u^ = du + adv, 

(5.5) F*uj‘^ = bdv, 

F*u^ = cdv. 

To derive F*ul, we nse fl3.17p again and repeat the same process above. 
Since 

dX = Y{F*ul) + T{F*u^) 

(5 6) ^ f) ^ f) 

= Y{F*ujl){^)du + Y{F*ujl){^)dv + hTdv, 


'du' 


'dv' 


and 

(5.7) 

We obtain 


dX = dFu = Fuudu + Fuvdv. 


(6.8) 


(FVf)(|^) = (F„F>=!, 

(F*w;)(|;) = (n...U=™. 

= Idu + mdn, 
b = {Fuv,T), 

0 = {Fuv,X) = {Fuu,X) = {Fuu,T). 

Therefore, by fl5.5p and fl5.8p we have reached the Darbonx derivative 


(5.9) 


F*uj = 


/ 0 0 0 0 \ 
du + adv 0 —Idu — mdv 0 

bdv Idu + mdv 0 0 

y cdv bdv —du — adv 0 y 


By fl5.9l) . the coefficients a, b, c, I, m nniqnely determine the Darbonx 
derivative, and it completes the proof of the nniqneness. 
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For the existence, suppose a, 6, c and m, I are functions defined on U. 
Suppose (f) is the ps/i(l)-valued l-form dehned by fl5.9p . Then we have 


(5.10) 


and 


(5.11) 


d(j) = 


( 0 

da 

i 
V aH 


u ^ - tP u 

-# + 0 0 

ov „, au 


db 

du 


da 

du 


0 / 


au A av, 


( 


A 0 = 


0 

-Ih 
al — m 
-2b 


0 0 

0 0 

0 0 

—m + al bl 


0 \ 
0 
0 
0 / 


du A dv. 


Thus, 0 satishes the integrability condition dcj) = —0 A 0 if and only If 
the coefficients a, b, c, I and m satisfy the integrability condition fll.lOp . 
Therefore Theorem 12.21 implies there exists a map 


F*{u,v) 


{F{u,v)]X{u,v),Y{u,v),T) 


such that F*u = 0. Finally, the moving frame formula fl3.17p implies 
that F : f/ —)■ ifi is a map with a, b, c, I and m as the coefficients of 
hrst kind and second kind respectively. 


5.2. Invariants of surfaces. Let S iLi be a surface such that all 
points on S are non-singular. For each point p G S, one can choose a 
normal parametrization F : {u,v) ^ U —)■ S around p such that 

dF 

(5.12) X, 

du 

where X is an unit vector held dehning the characteristic foliation. The 
following lemma characterizes the normal coordinates. 


Lemma 5.1. The normal coordinates is determined up to a transfor¬ 
mation of the form 


(5.13) 


u = ±u giy) 
V = h{v), 


for some smooth functions g{v), h{v) with fy 7 ^ 0 . 

Proof. Suppose that (u,v) is any normal coordinates around p, i.e., 
(5.14) Fu = X, 
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where X = ±X. We have the formula for the change of the coordinates 
(5.15) 


F — F-— + F~— 

OU OU 


p = 

^ V U r\ ' V r\ • 

ov ov 

Expand = aX + bY + cT by the orthonormal basis {X, Y,T}. The 
hrst identity of fl5.15l) implies 


(5.16) 


OU \ OU OU OU 

du ^dv\ ~ rdv~ ^dv ~ 

OU OU / OU OU 


Since p is a non-singular point, we see that c ^ 0 around p, so 

(5.17) 


dv 

’ 


namely, v = h(v) for some function h(v). In addition, comparing the 
coefficient of df, we have 


(5.18) 


du ^dv du 
du'^ ^du du 


hence u = ±m -|- g{v) for some function g{v). Finally we compute 

±1 ^ 


(5.19) det 

and the result follows. 


du 

du 



ov 

dv 

du 

dv 


= det 


0 


dv 


dh , 


□ 


As what did in the previous section fl5.9p . we can also derive the 
the Darboux derivative F*uj for the normal parametrization as. One 
obtains four 1-forms dehned on S locally as follows: 

(5.20) 

I = F*u}^ = du + adv, II = F*uj‘^ = bdv, III = F*uj^ = cdv 
IV = F*u\ = Idu + mdv, 

where functions a, b, c, m and I are dehned as fll.9p . We will show that 
those four 1-forms are invariants under the change of coordinates. 

Proposition 5.2. Suppose I, II, III, IV are those defined as ^5.2Ch) 
with respect to the other normal coordinates iu, v). Then we have 


( 5 . 21 ) 


I = ±1, II = ±11, III = III, IV = IV. 
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Proof. Suppose a, b,c, I, m are the coefficients of first and second kinds 
with respect to the normal coordinates {u,v). We point out that all 
such the coefficients have the same expression as in (11.91) w.r.t. the new 
coordinates except for X = ±X and Y = JX = ±Y. 

By lemma IhBl there exists the functions g{v) and h{v) such that 

u = ±M + g{v), 

V = h{v). 


We compute the transformation laws of the coefficients of the funda¬ 
mental forms 


(5.22) 


a={F,,X) = {F~ + F^^,X) 


= ± 


dg dh 
dv dv'^ 


Similarly, we have 
(5.23) 

so Fu = ±Fu and F^u 


h 4-^^h 

b = ±—6, 
ov 

du 


C = 


dh, 

dv 


c, 


uu r uv -T, 


Thus 


(5.24) 


l = ±L 


Similarly 

(5.25) 


dg~ dh _ 
m = —I + —m. 
dv dv 


From the transformation laws fl5.22p . fl5.23p . fl5.24p and fl5.25p . the 
result fl5.2ip follows. □ 


Remark 5.3. In the previous proof fl5.23p . denote 


(5.26) 



b 



then we have a = ±5. Actually, a is a function dehned on the non¬ 
singular part of S, independent of the chooses of the normal coordinates 
up to a sign, such that ae 2 -|- T G TS, and hence an invariant of S on 
the non-singular part. Similarly, from fl5.24l) . so is for I, which actually 
is the p-mean curvature. 


Remark 5.4. We point out that the signs appearing for a and I are 
due to the different choices of the orientations. Indeed, if one chooses 
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the normal coordinates with respect to a fixed orientation of the char¬ 
acteristic foliation, then we will have a = a and I = 1. 

Besides the invariants a and Z, we now proceed the other invariant 
of S, which is globally defined on S, not just on the non-singular part. 
From Proposition 15.21 we have 

(5.27) I®I +11 ® 11 + III®III = i®i + Ti®Ti + Jn®Jn. 

Therefore the differential form I < 8 ) I + II <S> II + /// ® III again is 
independent of the choices of the normal coordinates, and hence also 
an invariant of S. Next we characterize the invariant. 

Lemma 5.5. Let qq be the adapted metric on Hi. Then we have 

(5.28) ge\^ = I ®I + II ®II + III ®III, 
on the non-singular part ofT. 

Proof. This lemma is a direct consequence of the moving frame formula 

(EUD. □ 


5.3. A complete set of invariants for surfaces in Hi. In this 
section, we will obtain the last invariant IV = F*u:\ which is completely 
determined by the invariants a, g^, I. We therefore have a complete set 
of invariants for the nonsingular part of the surfaces in Hi. 

Let E be an oriented surface and suppose / : E —)■ ifi be an embed¬ 
ding. For the convenience, we will not distinguish the surfaces E and 
/(E). For each non-singular point p G E, we specify an orthonormal 
frame (p;ei,e 2 ,T), where Ci is tangent to the characteristic foliation 
and 62 = Jei. A Darboux frame is a moving frame which is smoothly 
defined on E except for the singular points, and hence there exists a 
lifting of / to PSH{1) defined by F. Now we would like to compute 
the Darboux derivative F*uj of F. In the following, instead of F*u, we 
still use 


( 

0 

0 

0 

0 \ 



0 

-Ui 

0 



Ul 

0 

0 

V 

a;3 



0/ 


(5.29) 


OJ = 
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to express the Darboux derivative. It satisfies the integrability condi¬ 
tion do; -|- cu A cu = 0, that is, 


(5.30) 


duj^ = ujI A 
= —cul A 
dco^ = 2 A 
diol = 0 . 


Let ge = h + he the adapted metric. From Section [5], we have 
= au^ on the non-singular part of S, it is easy to see that 


dels = 0 -1- $$ -1- ® 

= 0 -h (1 -i- a‘^)uj^ ® 


Define 

(5.31) 


cu — ^ 1 


u 


= Vl + . 


This is an orthonormal coframe of dels and the corresponding dual 
frame is 

Cl = Cl, 

(5.32) ^ ae2 + T 

vTT^' 

Let be the Levi-Civita connection of dels with respect to the coframe 
C/,uP‘. By the fundamental theorem in Riemannian geometry, we have 
the structure equation 


(5.33) 


dCj — — Cj2 a Cj , 
duj = — oj-^^ A Cj , 


- 2 -1 
= -uj^. 


The following Proposition shows that ujI is completely determined by 
the induced fundamental form dels and the functions a and I defined 
in dESni). 
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Proposition 5.6. We have 


a;? = 


a 


1 — — , + - -lU 1 -3 

\/l + 1 + a (l + a^)2 

_ 1 2^2 + (eiu) .2 

— tCJ “T , =—CJ 


+ 


6iQf ^ 9 

-UJ 


\/l + 


(5.34) 


a 


= 


\/rT 

la 

TTT 


a^ 


=1^1 + 


2q; 


1 + 


u 


a 


,C,^+(2c+p^) 

'■ V 1 + a V 


(5^. 


Proof. By = ao;^ and the second identity of fl5.3ip . we have 
du}"^ = d 


(X ^9 


= d 


= ei 


(1 + a2)2 
a 

a 


Ac5^ + 


a 


(1 + a^) 2 
= a)^ A Cl 


Cj^ a 


(l + a2)^ 

a 




a 


+ 


(1 + a^) 2 
a 


-cDi A Cj^ 


T^l I ) 


(1 + a^) 2 J (1 + a^) 2 

where we have nsed the second formnla of the structnre eqnation fl5.33p 
at the third eqnality above. On the other hand, from the Maurer- 
Cartan strnctnre eqnation (I5.3nh 

du? = —ul aX = A uf. 

Combine two identities above and nse the Cartan lemma, we see that 
there exists a fnnction D snch that 

a 

(5.35) 


UJ. = 


-3-0; + 


uj] + Duj^. 


Similarly, 

(5.36) 


1 — O 1^1 

(1 + 2 (1 + 0^)2 


—uj\ Aui^ = d(X = duj^ = ca? A 


a 


\/l + «' 


-.uj\ A (X. 

» 4 


Again, by Cartan lemma, there exists a fnnction A snch that 


(5.37) 


a 


UJn = 


\/l + 


a^ 


zu^ + Acj^. 
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Finally, use (I5.33p again 

—ujI a = dCj"^ = c? ^(1 + 

= (1 + a^)^du‘^ + d{l + Q!^)5 a 


(5.38) 


= 2a{l + a^) 20;^ A + 


a 


(1 + a^) 2 


-da A 




where we have used the third formula of fl5.30p and A = 0. 
Therefore, there exists a function B such that 


(5.39) 


6jI= 2a + 


a 


(eia) \ 
l + a2 i 


+ Bu^. 


a 


a^ 


By (|5.35|) . (|5.37p . we get 

D = ul{ei) - 

1 + a^ 1 + a^ 

Similarly, by fl5.35p . fl5.37p . fl5.39p . we obtain 

2a 


\/l + 
I 


F^?(ei) 


(5.40) 


A = 
B = 


l + a2’ 
la 


VT 


a^ 


These complete the proof. 

6. The derivation of the integrability condition (11.131) 

Proof. We compute 

(6.1) 

0 = dcol 


□ 


= d 


a 


=a;? + 


I 


rd;^ + 


Cia 


\/l + a^ ^ 1 + a^ (1 + D^) ^ 


■u 


= I — (1 + a^) 2 (cs/) + (1 + a^)(eieia) — a(eia)^ + 4a(l + a^)(eia) 

+ a(l + QL‘'f‘K + a/(l + a ^)2 (e^a) + a(l + a^)/^| ^ ^ — 

J (1 + a^) 

Therefore the integrability condition fll.l3p is equivalent to du^ = 0. 

□ 


bO|Ol 
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7. The proof of Theorem 11.101 


Proof. First we show the existence. Dehne an psh(l)-valned l-form 0 
on the non-singnlar part of S by 


(7.1) 

where 

(7.2) 


/ 


0 


bJ 


i/l+(o')' 


--00 


I 


0 

0 

ca? 


0 0 \ 

-ojI 0 
0 0 


0 




a 


oil = 


^/T+JaY ^ 1 + (“') 


+ 




(l + (a')2)t 




It is easy to check that <p satishes (i0 + 0 A 0 = 0 if and only if the 
integrability condition fll.131) holds. Therefore, by Theorem 12.21 for 
each point p G S there exists an open set U containing p and an 
embedding f U Hi snch that g = f*{ge),(y = f*a and I = 
f*l. For the nniqneness, by Proposition 15.61 the Darboux derivative is 
completely determined by the indnced metric ge\s, the p-variation a 
and the p-mean cnrvatnre /. Therefore, by Theorem 12.11 the embedding 
into Hi is nniqne np to a Heisenberg rigid motion. □ 


8. Application: Crofton formula 

Since the singnlar set in Hi consists of isolated points and the integral 
over the set of isolated points has zero measnre, we can always assume 
that there are no singular points in the context. 

Definition 8.1. An oriented horizontal line I in Hi is a straightly 
oriented line such that any point p G I the tangent vector of the line at 
p lies on the contact plane For the convenience we sometimes call a 
horizontal line or a line. Denote C by the set of all oriented horizontal 
lines in Hi. 

Proposition 8.2. Any horizontal line I G C can he coordinatized by 
the triple (p, 9,t) G M x x R, and can also be parameterized by a 
base point B = {pcos9,psm6,t) with a horizontally unit-speed vector 
U = {sm9, — cos9,p), namely, 

(8.1) l{s) : {pcos9,psm9,t) + s{sm9, — cos6',p),Vs G R. 

Proof. We consider the projection tt{1) of the line / G £ on the xy- 
plane. Since 7r{l) can be uniquely determined by the pair (p, 9) where 
p G R is the oriented distance from the origin to the line 7r(/) (see [6] or 
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the Remark below) and 6 G [0, 27r) is the angle from the positive x-axis 
to the normal (Fig. 1.1), the points {x,y) G n{l) satisfy the equation 

(8.2) xcos9 + ysinO = p. 



Fig. 1.1 

On the projection n{l), denote the foot point 

b = {p cos 9, p sin 9), 

and the unit tangent vector of n{l) along the projection 

(8.3) M = (sin6*, — cos6*), |m|r 2 = 1, 

where |m|]r 2 is the Euclidean length of u on the xy-plane; on the line 
I E Hi, we have the lifting of the foot point b, called the base point 

B = {pcos9,psm9,t) for some t G M. 

Denote the tangent vector of I at point B hjT{B). Since I is horizontal, 
which implies that T{B) G := span{ei{B), e 2 {B)}, so 

T{B) = aei{B) + f3e2{B) 

= a{l, 0,psin6') + /9(0,1, —pcos9) 

(8.4) = {a, I3,apsin9 — l3pcos9) 

for some a,/? G M. Notice that the projection n(T{B)) is exactly the 
unit tangent vector u along the projection 7r(/). Hence by comparing 
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the first two components of (18.41) with (I8.3p we have 

a = sin 6, 

(3 = — cos 9, 

and 

T{B) = {sinO, — cos9,p). 

Therefore by dehning the horizontal vector 

U ■= T{B) = sinOeiiB) - cos0e2(S), 

we have \U\^(^b) = 1, the horizontally unit-speed, and conclude that the 
line I can be uniquely determined by the triple {p,9,t){i.e. the base 
point B) and can also be parameterized by i? -|- sU for any s G M as 
shown in fl8.1l) . □ 

Remark 8.3. For our purpose of doing the integration later, the issue 
of the orientations are naturally involved. Actually the orientations of 
lines in Hi are raised from the orientations of lines in In [B], denote 

^nonoritned • {all lines in IF {, 

and consider the mapping 

® ^ *5" y ^nonoritned ) 

which carries {p,6) to the line having the equation fl8.2l) . It can be 
checked that Xnonoriented IS a two dimensional nonoriented smooth man¬ 
ifold equipping the two-folds covering spaces, more precisely one has 

0(p, 9) = (f){p\ 9') 

if and only if either 

p = p',9 = 9' OT p = —p', 9 = 9' + 71. 

To our purpose, we consider the larger space 

Xoritned : = {(p, 6^) G M X } 

equipping two orientations. (Fig. 1.2) 

Therefore, in Hi, instead of using the nonoriented coordinates for the 
set 

{{p,9,t)\p >0,9 e [0,27r),t G M}, 
we henceforth consider the set of all horizontally oriented lines 
C ;= {{p,9,t) G X R} 


with two orientations. 
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Fig. 1.2 Two orientations for the line I on 

Next, we consider the intersections of lines and a hxed regnlar snrface 
X : {u,v) G — )■ {x{u,v),y{u,v), z{u,v)) G S embedded in Hi for 
some domain hi C To describe the position of the intersection 
in one needs exact three variables. We have already known, by 
Proposition 18.21 a line can be represented by the triple {p,9,t). Hence 
if we regard lines and snrfaces as a whole system (the confignration 
space) and use hve variables {(p, 9, t, u, n)} to describe the behavior of 
the intersections, two additional constraints are necessarily required to 
make the number of the freedoms be three. Those constraints can be 
obtained from the following Proposition. 

Proposition 8.4. LetX{u,v) = {x{u,v),y{u,v), z{u,v)) E T, be the 
parameterized regular surface in Hi. Then the configuration space D 
which describes the horizonal oriented lines intersecting S should be 

D = {{p, 9,t,u,v) G M xS'^ X M xhl 

I the lines {p,9,t) G C passing through the point X{u,v) on S} 
= {{p, 9,t,u,v) G M xF^ X M xhl 

I the variables p, 9, t,u,v satisfy flS.Sp and fl8.6p }. 

where 

(8.5) x{u,v)cos9 + y{u,v)sm.9 = p, 

(8.6) z{u,v) = t + {x{u, v) sin 9 — y{u, v) cos 9)p. 

Proof. Suppose the line /(s) parameterized by fl8.ip intersects the sur¬ 
face S at the point q. (Fig. 1.3) 
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Fig. 1.3 

At the point q, by Proposition 18.21 we have 


(8.7) 

x{u, v) 

= pcos9 + s ■ sin 6 *, 

( 8 . 8 ) 

y{u,v) 

= psin 6 * — s • cos 6 *, 

(8.9) 

z{u, v) 

= t + s - p, 


for some s G R. By fl8.7p . fl8.8p . one has 

x{u, v) cos 9 + y{u, v) sin 9 = p, 

which is compatible with (18.2p and we obtain the hrst constraint (18.5p . 
Finally, use (I8.7p . (l8.8p again to solve for the parameter s, and substitute 
s into fl8.9p . It is easy to have the second constraint fl8.6p □ 

Remark 8.5. By a simple calculation and (18.5p . we observe that 
U{B) = sin9ei{B) — cos 6 * 62 ( 5 ) 

= sin 6*61 (X(m, n)) — cos 6*62 (X(m, n)) = U{X{u,v)), 

i.e. the horizontally unit-speed vector held U along the line have the 
same vector-value when being evaluated at the based point B and at 
the intersection q = 'K{u,v). 

Actually, the coordinates {u, v) determine where the intersections 
should be located on the surface, and the angle 9 decides how those 
lines penetrate through the surface. Thus, instead of using (p, 9, t) as 
the coordinates for the conhguration space, we can also adopt the triple 
{{u,v,9) E fl X 5^} as the coordinates. Since the intersection q is not 
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only on the line bnt on the snrface, we can derive the change of the 
coordinates for those coordinates. 

By Remark 18.51 we choose the frame {X(m, n); ei( 6 *), 62 ( 6 *), T} on D 
where 

{ Cl := sin 6 *ei — cos 6 * 62 , 

02 := Jei = cos 6*01 + sin 6 * 02 , 

T := (0,0,1), 

(Fig. 1.3) and denote the corresponding coframes {X(m, n); 0} 

with the connection 1 -form caf. 

The hrst formnla connects the coframes and the coordinates {p, 6, t) 
of the line. 


Proposition 8.6. If we choose the frames {X(m, n); 01(6^), 02(6^),T}, 
defined by (18.101) and the corresponding coframes {X(m, n); 0} 

with the connection 1-form u\, then we have 


( 8 . 11 ) 

= dp -h (X, ei)d9, 

( 8 . 12 ) 

uu\ = d9, 

(8.13) 

0 = dt, mod d9, dp. 


One concludes that 


(8.14) Aul = dp A d9, 

(8.15) up A oJl AQ = dp A d9 A dt = n*dL, 


where vr is the projection from D to C, and (,) is the Levi-metric. 

Proof. On the snrface since X = {x,y,z) = a;(l,0,i/) -|- y{0,l,—x) -f 
(0, 0, z) = xSi -f 1/02 + zT, we have 


(X, 0 i) = (xSi -f 1/02 + zT, sin 6*01 — cos 6 * 02 ) = xsin9 — y cos 9. 
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Thus, by the moving frame formula (I3.17p and the hrst constraint (IS.hh 

d 

u? = (dX, 62 ) = {dx Cl + di/ 62 + 0 —, 62 ) 

oz 

= cos 6dx + sin 9dy 
= dp + {x sinO — y cos 9)d9 
= dp + (X, ei)d9] 

uii = —UJ 2 

= -{de2,ei) 

= (sin 9d9 Si + cos 9d9 62 , sin 9ei + cos^ 62 ) 

= sin^ 9 d9 + cos^ 9 d9 
= d9. 

By the second constraint 08.61) and the parameterization of the line 

dSH) 

Q = dz + xdy — ydx 

= {dt + (x sin 9 — y cos 9)dp + pd{x sm9 — y cos 9)) + xdy — ydx 
= dt + (psin6' — y)dx — {p cos 9 — x)dy, mod d9, dp 
= dt + s(cos 9dx + sin 9dy), mod d9, dp, for some s G M 
= dt , mod d9, dp, 

and the result follows. □ 

The next lemma characterize the 1-dimension foliation. 

Lemma 8.7. Let E = aX„ -|- /3X„ he the tangent vector field defined 
on the regular surface = X(m,u). Then the vector E is also on the 
contact bundle f (and hence in THi n f) if and only if pointwisely the 
coefficients a and (3 satisfy 

(8.16) atu + I3E -f x{ayu + (dy^) - y{axu + /3x^) = 0 , 
eguivalently, 

(8.17) a{tu + xyu - yxu) + /3(t^ + xyy - yxy) = 0. 

Proof. First, we assume that E = aX^+fiXy = a{xu, yu, Zu)+(3{xy, yy, Zy) 
cSi + de 2 = (c, d, cy — dx) for some constants c and d. Compare each 
component of E to have 

axu + fdxy = c, 
ayu + (dyy = d, 
azy + /dzy = cy — dx. 
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Substitute the last equation by the hrst two, we get the necessary 
condition aZu + ^z^ = [aXu + Pxy)y — {ayu + (3yy)x. 

The reverse part can be obtained by the direct computation 

E = {aXu + /3xy, ayu + f3yy, aZu + (3zy) 

= {aXu + /3xy){l,0,y) + {ayu + /3yy){0, 1 , -x) 

+ ( 0,0 , aZu + /3zy - y{aXu + /3xy) + x{ayu + /3yy)) 

= {aXu + /3xy)ei + {ayu + (^yv)h- 

We have used the condition fIS.lbp in the last equality. □ 

The second formula for the change of coordinates connects the coframes 
and the coordinates of the surface. 

Proposition 8.8. Suppose we choosethe frames {X{u,v);ei{9),e2{0),T} 
on D and the coframes with the connection 1-form defined by above 
(18.1 op . We have the identity 

(8.18) Q Au^ Aul = {E, e 2 )du Adv A dO, 
where the singular foliation 

(8.19) E := {zu + xyu - yXu)Xy - {zy + xyy - yXy)Xu 

defines the characteristic foliation ofX, which is induced from the con¬ 
tact plane f. 

Proof. By Proposition 18.61 and the moving frame formula (I3.17p 
Q A oj'^ A col 

={dz + xdy — ydx) A {dX, ef) A d9 

= {{zu + xyu — yxu)du + {zy + xyy — yxy)dv) A {Z.Xu, e 2 )du Ad9 ZXy, e 2 )dv A d9) 

={{zu + xyu - yXu)Xy - {zy + xyy - yXy)Xu, e 2 )du Adv Ad9 
={E, e 2 )du Adv A d9. 

To prove the vector E ^ TM r\ f, it suffices to show that the coef- 
hcients a := {zu + xyu — yXy) and (3 := —{zy + xyy — yXy) satisfy the 
condition fl8.17p . and we complete the proof by the previous Lemma 

K7[ □ 

Remark 8.9. In classical Integral Geometry [6] |T6], the quantity 
dL := dpAd9Adt is called the (kinematic) density of the line (p, 9, t) G 
which is always chosen to be positive depending the orientation. 

Hence, according to (18.151) and (18.181) . in the following proof we have 
to consider the orientation of {{u, v, 9)} to ensure the positivity of the 
quantity {E,e 2 ). 
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Proof of Theorem By Remark 18.91 we choose du A dv A dO as the 
orientation of D. Let D = U where 

L)+ := {(p,6',t,M,n)|(E,e2) > 0}, 

D~ := {{p,9,t,u,v)\{E,e2) < 0}, 

r := D+nD-. 

By the strnctnre eqnation fl5.30l) . 

(8.20) d{Q A = dO Au^ — Q A du^ 

= {2u^ A A — 0 A (u^ A 
= O Au^ A oj\. 

We also have 

( 8 . 21 ) 

0 A = {dz + xdy — ydx) A {dX, ei) 

= {{zu + xyu - yxu)du + {z^ + xy^ - yxy)dv) A {{Xu, ei)du + {Xu, ei)dv) 
= {E, ei)du A dv. 

Thns, integrating the kinematic density dL over the set C, and use 
fl8.15p . (18.201) . the Stock’s theorem, and fl8.2ip . which imply 

( 8 . 22 ) 



= 2^ f QAu^— f QAu^ 

^ JdD+ JdD- 


= 2^ f QAoj^— f 0Aci;^V 

'^Jr+ur Jr-ur ' 

where := dD^ \ L. We point out that for each line, there are two 
orientations passing through the surface, so we put double in front of 
the integral. 

Next, we show that duAdv = 0 on L^. Indeed, by using the coordinates 
{{u, V, 6 *)} for the conhguration space D, any vector held dehned on r+ 
can be represented hy A A E dT x for some vector A dehned on 
the tangent bundle TdT. The value du A dv evaluated on r”*" has to be 















THE APPLICATION OF THE MOVING FRAME METHOD 


37 


Therefore, (18.221) becomes 
(8.23) 



= 4 ■ p-area(S), 


we have used (18.211) and E is parallel to ei on T at the third equality. □ 
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